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1. Introduction
During the last decade, the study of models for traﬃc ﬂow is receiving an increasing attention in the specialized litera-
ture, see Refs. [1,3,8,12,14]. One of the ﬁrst models introduced to describe the traﬃc ﬂow is the well-known Lighthill and
Whitham [12] and Richards (LWR) model. In Eulerian coordinates, the LWR model reads
∂tρ + ∂x
[
ρυ(ρ)
]= 0, (1.1)
where ρ ∈ [0, R] is the mean traﬃc density, and υ(ρ), the mean traﬃc velocity, is a given non-increasing function, non-
negative for ρ between 0 and the positive maximal density R , which corresponds to a traﬃc jam [7]. This model is appealing
because of its simplicity, parsimony, and its robustness to replicate basic features. However, there are features of traﬃc ﬂows
that cannot be captured by it, such as light traﬃc with few slow drivers.
In 2000, Aw and Rascle introduced a “second order” of traﬃc ﬂow [1]. The Aw–Rascle (AR) model is described by
the equation{
∂tρ + ∂x(ρυ) = 0,
∂t
(
ρ
(
υ + p(ρ)))+ ∂x(ρυ(υ + p(ρ)))= 0, (1.2)
where ρ and υ appear as independent variables and represent the traﬃc density and velocity, respectively. The “pressure”
function p(ρ) is an increasing function of the density and plays the role of an anticipation factor, taking into account
drivers’ reactions to the state of traﬃc in front of them. The AR model resolves all the obvious inconsistencies and explains
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iors: free and congested. Namely, for low densities, the ﬂow is free; for high densities the ﬂow is congested.
From the above reasons, Rinaldo M. Colombo [5] couples a scalar conservation law with a 2× 2 system of conservation
laws. The coupling is achieved via the phase boundary, which can be seen as a free boundary separating congested state
from free state. Another traﬃc model with phase transitions is introduced in [7]. It consists of the classical LWR model with
the 2× 2 AR model. The model reads
Free ﬂow: Congested ﬂow:
(υ,ρ) ∈ Ω f , (υ,ρ) ∈ Ωc,
∂tρ + ∂x(ρυ) = 0,
{
∂tρ + ∂x(ρυ) = 0,
∂t
(
ρ
(
υ + p(ρ)))+ ∂x(ρυ(υ + p(ρ)))= 0,
υ = υ f (ρ), p(ρ) = Vref ln(ρ/R),
(1.3)
where the sets Ω f and Ωc denote the free and the congested phase respectively. The velocity [18]
υ f (ρ) = (1− ρ/R)V (1.4)
is the simplest standard linear choice, where V is the maximal speed, and R is the positive maximal density. To guarantee
the uniqueness in the solution of the Riemann problem, the “pressure” function p(ρ) is chosen as in [2], i.e. p(ρ) =
Vref ln(ρ/R), where Vref is a given reference velocity. Paola Goatin [7] has investigated the Riemann problem of (1.3) in
detail.
In this paper, the initial value we are interested in is of the form
(υ,ρ)(x,0) = (υ±0 (x),ρ±0 (x)), ±x> 0, (1.5)
where υ±0 (x) and ρ
±
0 (x) are all bounded C
1 functions with the following properties(
υ±0 (0),ρ
±
0 (0)
)= (υ±,ρ±), x≷ 0. (1.6)
The initial value (1.5) is a perturbation of Riemann initial value (2.1) at the neighborhood of the origin. So we call (1.3) with
(1.5) a generalized Riemann problem. We will construct the solution to the problem (1.3) and (1.5) in a short time. Our
result shows that the generalized Riemann solutions possess a structure similar to the corresponding Riemann solutions in
a neighborhood of the origin. Namely, the Riemann solutions of (1.3) and (2.1) are stable with respect to the perturbations
of the initial data. Especially, when the vacuum state is involved, the Riemann solution is also well-posed, which allows us
to better ﬁt experimental data [9]. Furthermore, our result is one of the few results of the generalized Riemann problem
for conservation laws developing phase transitions. Some works on the study of generalized Riemann solutions for the
equations of gas dynamics may refer to [4,10,11,13,15–17].
The outline of the paper is as follows. In Section 2, we present some preliminaries. Then the construction of the gener-
alized Riemann solutions of (1.3), (1.5) and our main results are exhibited in Section 3.
2. Preliminaries
Consider system (1.3) with initial value
(υ,ρ)(x,0) = (υ±,ρ±), ±x> 0, (2.1)
where υ±,ρ±  0 (see [7] for a more detailed study of the model).
Since the queues cannot form spontaneously in free ﬂow for no apparent reason, it is reasonable to assume that the
traﬃc ﬂow will remain free (or congested) for all time if the initial data are entirely in the free phase (or congested) [6].
Then Ω f should be invariant with respect to (1.1) and Ωc should be invariant with respect to (1.2). Thus the invariant
domain is given by
Ω f =
{
(υ,ρ) ∈ [V f , V ] × [0, R f ]: υ = υ f (ρ)
}
,
Ωc =
{
(υ,ρ) ∈ [0, Vc] × [0, R]: p(r) υ + p(ρ) p(R)
}
, (2.2)
where V f and Vc are the threshold speeds, i.e. above V f the ﬂow is free and below Vc the ﬂow is congested. The parameter
r ∈ [0, R] depends on the environmental conditions and determines the width of the congested region. The maximal free-
ﬂow density R f must satisfy V f + p(R f ) = p(R). In order to satisfy the above conditions, the speed parameters should have
the following order relation
V > Vref > V f > Vc .
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In the free phase the characteristic speed of system (1.3) is λ(ρ) = V (1 − 2ρ/R), while in the congested phase, the
following hold
l1(υ,ρ) =
(
1
0
)
, l2(υ,ρ) =
(
ρ/Vref
1,
)
,
r1(υ,ρ) =
(−Vref /ρ
1
)
, r2(υ,ρ) =
(
0
1
)
,
λ1(υ,ρ) = υ − Vref , λ2(υ,ρ) = υ,
λ1 · r1 = −Vref /ρ, λ2 · r2 = 0,
L1
(
ρ;υ−,ρ−)= υ− + Vref ln(ρ−/ρ), L2(ρ;υ−,ρ−)= υ−,
g(υ,ρ) = υ + Vref ln(ρ/R), h(υ,ρ) = υ. (2.3)
Here λi (i = 1,2) is the eigenvalue of system (1.2), li and ri are the corresponding left and right eigenvector of λi respec-
tively. Li is the i-Lax curve, where the shock and rarefaction curves coincide. g and h are the Riemann invariant and we let
g± = υ± + Vref ln(ρ±/R) and h± = υ± .
3. The generalized Riemann problem and large-time behaviors
In this section, we construct the generalized Riemann solutions of (1.3), (1.5) case by case, according to the different
solutions to the corresponding Riemann problem (1.3), (2.1).
Case 1. (υ−,ρ−) ∈ Ω f and (υ+,ρ+) ∈ Ω f .
Using the method of characteristics, a smooth solution(
υl(x, t),ρl(x, t)
)= ((1− ρl(x, t)/R)V ,ρl(x, t)) (3.1)
and (
υr(x, t),ρr(x, t)
)= ((1− ρr(x, t)/R)V ,ρr(x, t)) (3.2)
can be deﬁned in domains Dl and Dr , which are suﬃciently narrow in the t-direction. Here (υl(r)(x, t),ρl(r)(x, t)) is de-
termined by solving the Cauchy problem (1.1) with initial data (υ−(+)0 (x),ρ
−(+)
0 (x)). The right boundary of Dl is the
characteristic O A: x = λ(ρ−)t , and the left boundary of Dr is the characteristic O B: x = λ(ρ+)t (see Fig. 3.1). To obtain
the generalized Riemann solution between O A and O B , we have to distinguish different situations according to the values
ρ− and ρ+ .
Case 1.1. ρ− < ρ+ .
The solution to the corresponding Riemann problem (1.3) and (2.1) is a shock wave O Cˆ1, as shown in Fig. 3.2(a). By the
Riemann solution, a shock wave OC1: x = x(t) with λ(ρ+) < x˙(0) < λ(ρ−) determined by⎧⎨
⎩ x˙(t) =
ρlυl − ρrυr
ρl − ρr , λ
(
ρ+
)
 x
t
 λ
(
ρ−
)
, (3.3a)
x(0) = 0, (3.3b)
should be constructed in the domain AO B [4]. The solution to the generalized Riemann problem is
(υ,ρ) =
{
(υl(x, t),ρl(x, t)), x< x(t),
(υr(x, t),ρr(x, t)), x> x(t),
(3.4)
which can be indicated in Fig. 3.2(b).
688 L.J. Pan, X.L. Han / J. Math. Anal. Appl. 389 (2012) 685–693Fig. 3.2. Case 1.1.
Fig. 3.3. Case 1.2.
Case 1.2. ρ+ < ρ− .
The solution to the corresponding Riemann problem (1.3) and (2.1) is a centred simple wave, as shown in Fig. 3.3(a).
In view of the solution of the Riemann problem, a centred simple wave can be constructed in the domain AO B [4]. The
solution to the generalized Riemann problem is
(υ,ρ) =
⎧⎪⎨
⎪⎩
(υl(x, t),ρl(x, t)), x< λ(ρ−)t,
(υ∗(x, t),ρ∗(x, t)), λ(ρ−)t < x< λ(ρ+)t,
(υr(x, t),ρr(x, t)), x> λ(ρ+)t
(3.5)
where (υ∗(x, t),ρ∗(x, t)) is a centered simple wave deﬁned by
x
t
= λ(ρ∗), λ(ρ−) x
t
 λ
(
ρ+
)
,
and υ∗ = (1− ρ∗/R)V . Fig. 3.3(b) relates to the case.
Case 2. (υ−,ρ−) ∈ Ωc and (υ+,ρ+) ∈ Ωc .
It is known from classical theory that the classical solution (υl(x, t),ρl(x, t)) and (υr(x, t),ρr(x, t)) can be deﬁned on a
strip domain Dl and Dr for local time. (υl(r)(x, t),ρl(r)(x, t)) is the smooth solution of the initial problem (1.2) with initial
data (υ−(+)0 (x),ρ
−(+)
0 (x)). The right boundary of domain Dl , O A, is a I-characteristic: x = α(t), namely,⎧⎨
⎩
υl
(
α(t), t
)= υ−,
dα(t)
dt
= υ− − Vref .
(3.6)
The left boundary of domain Dr , O B , is a II-characteristic: x = β(t), namely,{
υr
(
β(t), t
)+ Vref ln(ρr(β(t), t)/R)= υ+ + Vref ln(ρ+/R),
dβ(t)
dt = υr
(
β(t), t
)
,
(3.7)
which can be still indicated in Fig. 3.1. Different from Case 1, O B is no longer a line but a curve. Also, to obtain the
generalized Riemann solution between O A and O B , we will discuss the issue according to the values υ− and υ+ .
Case 2.1. υ+ < υ− .
The solution to Riemann problem can be shown in Fig. 3.4(a), where
O Cˆ1: x =
(
υˆ∗ + ρ
−Vref ln(ρˆ∗/ρ−)
− ∗
)
tρ − ρˆ
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is a I-shock wave, on which we have
υˆ∗ = υ− − Vref ln ρˆ
∗
ρ−
,
O Cˆ2: x = υ+t
is a II-contact discontinuity, on which we have
υˆ∗ = υ+.
We hope to prove that the generalized Riemann problem (1.3) and (1.5) admits a unique local solution similar to that of
the corresponding Riemann problem. As shown in Fig. 3.4(b),
OCi : x = xi(t)
(
xi(0) = 0
)
(i = 1,2)
are free boundaries. On the domain {(t, x) | 0  t  δ, x  x1(t)} (δ > 0 small), the solution is (υl(x, t),ρl(x, t)). On the
domain {(t, x) | 0 t  δ, x x2(t)} (δ > 0 small), the solution is (υr(x, t),ρr(x, t)). On the domain {(t, x) | 0 t  δ, x1(t) <
x< x2(t)} (δ > 0 small), the solution is denoted by (υ∗(x, t),ρ∗(x, t)), which is an unknown regular solution to system (1.3);
Moreover,(
υ∗(0,0),ρ∗(0,0)
)= (υˆ∗, ρˆ∗). (3.8)
Furthermore, OC1(x = x1(t)) is a I-shock wave, on which we have
dx1(t)
dt
=
(
υ∗ + ρ
l V ref ln(ρ∗/ρl)
ρl − ρ∗
) (
x1(0) = 0
)
, (3.9)
υ∗ = υl − Vref ln ρ
∗
ρl
. (3.10)
OC2(x = x2(t)) is a II-contact discontinuity, on which we have
dx2(t)
dt
= υr (x2(0) = 0), (3.11)
υ∗ = υr . (3.12)
Since (υl(x, t),ρl(x, t)) and (υr(x, t),ρr(x, t)) are known, in order to get the solution we have to solve the free boundary
problem (1.3) and (3.8)–(3.12) on the fan-shaped domain {(t, x) | 0 t  δ, x1(t) < x< x2(t)} (δ > 0 small).
Set⎧⎨
⎩
ξ = υ∗, (3.13a)
η = ρˆ
∗υ∗
Vref
+ ρ∗. (3.13b)
Boundary condition (3.10) on x = x1(t) then reduces to
η = ρˆ
∗ξ
Vref
+ ρle
υl−ξ
Vref . (3.14)
Boundary condition (3.12) on x = x2(t) can be written as
ξ = υr . (3.15)
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Hence, the characterizing matrix H of this problem is of the form [11]
H =
(
0 0
ρˆ∗
Vref
− ρlV ref e
υl−ξ
Vref 0
)
. (3.16)
According to the result in [10,11], if
‖H‖min < 1, (3.17)
then the free boundary problem under consideration admits a unique piecewise smooth solution on the fan-shaped domain
{(t, x) | 0  t  δ, x1(t) < x < x2(t)} (δ > 0 small), and the solution has the desired structure. Here, for an n × n matrix
A = (aij), deﬁne
‖A‖ = Max
i=1,...,n
n∑
i=1
|aij|
and
‖A‖min = inf
{∥∥γ Aγ −1∥∥; γ = diag{γi}, γi = 0, i = 1, . . . ,n}.
Then, by Remark 4.4 in introduction of [10], it’s not hard to prove that
‖H‖min = 0< 1. (3.18)
Case 2.2. υ+ > υ− .
The solution of the corresponding Riemann problem contains a I-centred simple wave and a II-contact discontinuity. As
shown in Fig. 3.5(a), O Cˆ1: x = (υ− − Vref )t is a I-characteristic and (υˆ∗, ρˆ∗) = (υ+,ρ−e
υ−−υ+
Vref ). For the generalized solution,
we still hope to get a result similar to Case 2.1. Fig. 3.5(b) relates to the case.
Different from Case 2.1, in this case, OC1: x = x1(t) is actually a known left most characteristic curve, on which, instead
of (3.9)–(3.10), we have
dx1(t)
dt
= υ∗ − Vref
(
x1(0) = 0
)
, (3.19)
υ∗ = υ−. (3.20)
Boundary condition (3.20) on x = x1(t) can be rewritten in the following form
η = ρˆ
∗υ−
Vref
+ ρl, (3.21)
the right side of which is actually a known function of t . The boundary condition on OC2 is same as Case 2.1 completely.
Hence, the characterizing matrix H reduces to a simpler form
H =
(
0 0
0 0
)
. (3.22)
We still get (3.18). Thus, the generalized Riemann solution in a neighborhood of the origin has a structure similar to that of
the corresponding Riemann solution.
Case 3. (υ−,ρ−) ∈ Ωc and (υ+,ρ+) ∈ Ω f .
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Fig. 3.7. Case 3.
It is known from classical theory [4,11] that the classical solution (υl(x, t),ρl(x, t)) can be deﬁned on a strip domain
Dl for local time, by solving the Cauchy problem for system (1.2) with the initial data (υ
−
0 (x),ρ
−
0 (x)) on x  0. The clas-
sical solution (3.2) can be deﬁned on a strip domain Dr by solving the problem for system (1.1) with the initial data
(υ+0 (x),ρ
+
0 (x)). The right boundary of Dl is O A and the left boundary of Dr is O B , where O A: x = α(t) is deﬁned by (3.6),
and O B: x = λ(ρ+)t is a characteristic. We will construct the generalized solution between O A and O B according to the
corresponding Riemann solution (see Fig. 3.6).
The corresponding Riemann solution is a rarefaction from (υ−,ρ−) ∈ Ωc to (Vc, ρˆ∗), followed by a phase transition O Pˆ
from (Vc, ρˆ∗) to (υˆ, ρˆ) and by a Lax wave from (υˆ, ρˆ) to (υ+,ρ+). Here (Vc, ρˆ∗) ∈ Ωc , (υˆ, ρˆ) ∈ Ω f are implicity
deﬁned by Vc + p(ρˆ∗) = g− and υ f (ρˆ) + p(ρˆ) = g− respectively. Without loss of generality, we assume ρˆ < ρ+ , then
the Lax wave is a shock wave O Cˆ2, as shown in Fig. 3.7(a). Here O Cˆ1: x = xˆ1(t) is a I-characteristic. The case for ρˆ > ρ+
can be treated similarly without substantial diﬃculties.
Motivated by the Riemann problem, we solve the following characteristic problem{
ht + (h − Vref )hx = 0,
gt + hgx = 0, (3.23)
with data{
g(0,0) = g−,
h
(
α(t), t
)= h−. (3.24)
A solution (g(x, t),h(x, t)) can be deﬁned in the triangle-like domain AOC1 which contains a group of the I-characteristics
drawn from the origin O , called a centred wave of the ﬁrst family with centre O . Here OC1: x = x1(t) is a I-characteristic,
on which we have
dx1(t)
dt
= Vc − Vref
(
x1(0) = 0
)
, (3.25)
h = Vc . (3.26)
The traﬃc velocity is higher than Vc on the left-hand side of OC1 and lower than Vc on the right-hand side of O B .
A phase transition O P : x = x2(t) should be constructed in the domain C1O B . Along x = x2(t),
(
ρ∗(x, t) − ρ(x, t))dx
dt
= ρ∗(x, t)Vc − ρ(x, t)υ(x, t), (3.27)
where (Vc,ρ∗(x, t)) and (υ(x, t),ρ(x, t)) are the solutions on the left and the right sides of x = x2(t). (Vc,ρ∗(x, t)) is
determined by the following boundary problem⎧⎨
⎩
ρt + Vcρx = 0,
ρ
(
x1(t), t
)= R exp( g(x1(t), t) − Vc ). (3.28)
Vref
692 L.J. Pan, X.L. Han / J. Math. Anal. Appl. 389 (2012) 685–693(υ(x, t),ρ(x, t)) is the smooth solution of initial value problem (1.1) and (1.4) with initial value
ρ(0,0) = ρˆ. (3.29)
The solution is overdetermined in the domain {(t, x) | 0 t  δ, x2(t) < x < λ(ρ+)t} (δ > 0 small). It is possible, due to
the solution of the Riemann problem, to construct a discontinuity OC2: x = x3(t) there as follows⎧⎨
⎩ x˙3(t) =
ρVc − ρrυr
ρ − ρr , λ
(
ρ+
)
 x
t
 λ
(
ρˆ
)
, (3.30a)
x3(0) = 0 (3.30b)
since the discontinuity x = x3(t) satisﬁes the stability condition at the origin, λ(ρ+) x˙3(0) λ(ρˆ), it can be proved, by a
routine argument, that there exists a solution of (3.30) in the above domain near the origin. Therefore, the solution in the
domain {(t, x) | 0 t  δ, x2(t) < x < λ(ρ+)t} (δ > 0 small) contains a shock wave OC2 and takes values (ρ(x, t),υ(x, t))
on the left-hand side of x = x3(t), (υr(x, t),ρr(x, t)) on the right-hand side of x = x3(t), respectively. The solution to the
generalized Riemann problem is shown in Fig. 3.7(b).
Case 4. (υ−,ρ−) ∈ Ω f and (υ+,ρ+) ∈ Ωc .
The classical solution (3.1) can be deﬁned on a strip domain Dl for local time, by solving the Cauchy problem for
system (1.1) with the initial data (υ−0 (x),ρ
−
0 (x)) on x  0. The classical solution (υr(x, t),ρr(x, t)) can be deﬁned on a
strip domain Dr by solving the problem for system (1.2) with the initial data (υ
+
0 (x),ρ
+
0 (x)). The right boundary of Dl is
O A: x = λ(ρ−)t and the left boundary of Dr is O B: x = β(t). Since x = β(t) is deﬁned by (3.7), O B is no longer a line but
a curve. The ﬁgure is similar to Fig. 3.1. We now consider the generalized Riemann problem between O A and O B according
to the following different subcases.
Case 4.1. g− ∈ [p(r), p(R)].
The corresponding Riemann solution is a shock-like phase transition O Cˆ1 from (υ−,ρ−) to (υˆ∗, ρˆ∗) followed by a 2-Lax
wave O Cˆ2 from (υˆ∗, ρˆ∗) to (υ+,ρ+). Here (υˆ∗, ρˆ∗) is implicity deﬁned by υ+ + p(ρˆ∗) = g− and υˆ∗ = υ+ .
This case is similar to Case 2.1. We omit the details. The solution to the generalized Riemann problem can be still
indicated in Fig. 3.4(b). Different from Case 2.1, however, OC1 is a phase transition, which is also determined by (3.10).
Furthermore, on the left side of OC1 the generalized Riemann solution is given by (3.1).
Case 4.2. g− < p(r).
The corresponding Riemann solution is a phase transition O Cˆ1 from (υ−,ρ−) to (υˆ∗, ρˆ∗) followed by a 2-Lax wave O Cˆ2
from (υˆ∗, ρˆ∗) to (υ+,ρ+). Here (υˆ∗, ρˆ∗) is implicity deﬁned by υ+ + p(ρˆ∗) = p(r) and υˆ∗ = υ+ .
This case is also similar to Case 2.1. It’s different from Case 2.1 that OC1 is a phase transition, on which instead of (3.9)
and (3.10) we have
dx1(t)
dt
= ρ
lυl − ρ∗υ∗
ρl − ρ∗
(
x1(0) = 0
)
, (3.31)
υ∗ = −Vref ln ρ
∗
r
. (3.32)
Boundary condition (3.32) on OC1 can be rewritten in the form
η = ρˆ
∗ξ
Vref
+ re
−ξ
Vref . (3.33)
The boundary condition on OC2 is same as Case 2.1 completely. Hence, the characterizing matrix of this problem is
H =
(
0 0
ρˆ∗
Vref
− rVref e
−ξ
Vref 0
)
; (3.34)
then we still have (3.18). The generalized Riemann problem admits a unique local solution that has a structure similar to
that given in Fig. 3.4(b) in a neighborhood of the origin. On the left side of OC1 the local solution is given by (3.1). On the
domain C1OC2 the local solution is
(
υ∗(x, t),ρ∗(x, t)
)= (υr(x, t), r exp(−υr(x, t)
Vref
))
.
On the right side of OC2 the local solution is given by (υr(x, t),ρr(x, t)).
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the following.
Theorem 3.1. On a local domain
R(δ) = {(t, x) ∣∣ 0 t  δ, −∞ < x< +∞},
the generalized Riemann problem (1.3), (1.5) possesses a unique piecewise smooth solution, which in a neighborhood of the origin has
a structure similar to that of the corresponding Riemann problem (1.3), (2.1).
From the above analysis, we can ﬁnd that the Riemann solutions of (1.3) and (2.1) depend continuously on the initial
values, especially for the case when the initial value involves the vacuum. This allows us to better ﬁt experimental data [9].
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